In [3] , the author has introduced the notion of primal spaces. 
Introduction
First, we recall some notions which were introduced by the Grothendieck school (see for example [6] and [7] ) such as locally closed sets and quasihomeomorphisms.
Let X be a topological space and S be a set of X. S is called locally closed if it is an intersection of an open set and a closed set of X. We denote by L(X) the set of all locally closed sets of X.
Given topological spaces X and Y , a continuous map q : X → Y is called a quasihomeomorphism if A → q −1 (A) defines a bijection from O(Y ) (resp., F (Y ), resp., L(Y )) to O(X) (resp., F (X), resp., L(X)) where O(X) (resp., F (X), resp., L(X)) is the family of all open (resp., closed, resp., locally closed) sets of X.
On the other hand, another definition of quasihomeomorphism is given by K.W.Yip in [9] as follows. A continuous map q : X → Y between topological spaces is said to be a quasihomeomorphism if the following equivalent conditions are satisfied:
• For any closed set C of X, q −1 (q(C)) = C.
• For any closed set F of Y , q(q −1 (F )) = F .
Fortunately, the two notions Grothendieck's quasihomeomorphism and Yip's quasihomeomorphism coincide.
Quasihomeomorphisms are used in algebraic geometry and it has recently been shown that this notion arises naturally in the theory of some foliations associated to closed connected manifolds (one may see [6] ).
A principal space is a topological space in which any intersection of open sets is open. It is also recognized as Alexandroff space.
Let X be a principal space. Then, X provides a quasi-order ≤ (i.e a reflexive, transitive relation) given by x ≤ y if and only if x ∈ {y} which is called the specialization quasi-order (For more informations, one may see [10] ). Conversely, every quasi-order ≤ on a space X determines a principal topology. Indeed, for each x ∈ X we let x ↑ be the upperset of x defined by x ↑ := {y ∈ X : x ≤ y}. Then, the family B := {x ↑ : x ∈ X} is a basis of a principal topology on X. Note that the closure {x} is exactly the downset ↓ x := {y ∈ X : y ≤ x}. Now, let C be a category. Then, a flow in C is a couple (X, f ) where X is an object of C and f : X → X is an arrow called iterator. If (X, f ) and (Y, g) are flows in C, then a morphism of flows from (X, f ) to (Y, g) is an arrow q from X to Y such that the following diagram is commutative.
That is g • q = q • f . For more details, one may see [4] and [5] . Let (X, f ) be a flow in the category of sets noted Set. O.Echi has defined the topology P(f ) on X with closed sets exactly those A which are f -invariant (A set A of X is called f -invariant if f (A) ⊆ A). Clearly P(f ) provides a principal topology on X. We can easily see that for any set A of X, the closure A is exactly ∪[f n (A) : n ∈ N] and in particular for any point x ∈ X, {x} = {f n (x), n ∈ N} denoted O f (x) and called the orbit of x by f . The family x ↑ = {y ∈ X : f n (y) = x for some n ∈ N} is a basis of open sets of P(f ).
According to O.Echi, a primal space is a topological space (X, τ ) such that there is some mapping f : X → X with τ = P(f ) (for more informations see [3] ).
In the first section of this paper, we are interested in some dynamical properties of quasihomeomorphisms between principal spaces.
The main goal of the second section is to show that given an onto quasihomeomorphism from a primal space X to a principal space Y , then Y is primal (see Theorem 3.2).
In the third section, we move our focus to one-to-one quasihomeomorphisms and its effects on primal spaces (see Theorem 4.1).
Finally, some particular cases of quasihomeomorphisms are studied and commented.
Preliminary results
Let X be a principal space and ≤ its specialization quasi-order. A point x ∈ X is called minimal if it satisfies the property:
for each y ∈ X, y ≤ x ⇒ x ≤ y. Let f : X → Y be a continuous map between two principal spaces. It follows immediately, from the fact that a map between two principal spaces is continuous if and only if the induced map between the associated quasi-ordered sets is isotone, that for every x, y ∈ X, we have:
Now, the following proposition shows that the converse holds if f is a quasihomeomorphism.
Proposition 2.1. Let f : X −→ Y be a quasihomeomorphism where X and Y are principal spaces. Then, for every x, y ∈ X, we have:
Proof. It is sufficient to show the second implication. For that, let x, y ∈ X such that f (x) ≤ f (y). Since f is a quasihomeomorphism, then there exists a unique closed set F of Y such that ↓ y = f −1 (F ). Now, the fact that f (y) ∈ F implies ↓ f (y) ⊆ F and consequently f (x) ∈ F , that is x ∈↓ y as desired.
This result leads to the following corollary. 
Proof. Let x be a point in X such that q(x) is a minimal point in Y . Suppose that there exists x ′ ∈ X satisfying x ′ ≤ x. Then, we have q(x ′ ) ≤ q(x) and thus, by minimality of q(x), q(x) ≤ q(x ′ ). Therefore, Proposition 2.1 does the job. The following proposition shows that if in addition q is an onto quasihomeomorphism from X to Y , then there is an equivalence between x is minimal in X and q(x) is minimal in Y . (
. (1), we have q(↓ x) =↓ q(x) so that z = q(y) with y ≤ x. Since x is minimal, then x ≤ y which leads to q(x) ≤ z as desired.
Proposition 2.5. Let q : X −→ Y be a quasihomeomorphism where X and Y are primal spaces. We claim that q −1 (↓ y) = q −1 (↓ q(x 0 )). In fact, since ↓ y is totally ordered, then q(z) ≤ y gives either q(z) ≤ q(x) and so q(z) ≤ q(x 0 ) or q(z) ∈ [q(x), y] which also implies that q(z) ≤ q(x 0 ) because q(x 0 ) is the biggest element in that interval that have an antecedent. So that
Finally, since Y is T 0 then y = q(x 0 ). We conclude that Y is onto. (3) Combining (1) and (2), we have q is a homeomorphism.
Primal spaces and onto quasihomeomorphisms
In order to characterize quasihomeomorphisms that conserve the property of primality between principal spaces, we need to recall some notions which were introduced by O.Echi in [3] .
Given a quasi-ordered set (X, ≤).
• We say that (X, ≤) is causal if for each x, y ∈ X, the interval [x, y] := {z ∈ X : x ≤ z ≤ y} is finite.
• (X, ≤) will be called a quasi-forest if the downset of any point is totally quasi-ordered. Given a flow (X, f ) and x ∈ X. x is said to be a periodic point if f n (x) = x for some n ∈ N.
O. Echi used the previous concepts to provide in [3] an interesting characterization of primal spaces in order-theoretical terms.
Before stating one of the main goals of this paper, it is of interest to recall this important result. • (Y, ≤) is a quasi-forest. Let z ∈ Y and y 1 , y 2 be two elements in ↓ z. By the surjectivity of q, there exists x ∈ X such that z = q(x). According to Proposition 2.4, we have q(↓ x) =↓ q(x). So there exists x 1 , x 2 ∈↓ x such that y 1 = q(x 1 ) and y 2 = q(x 2 ). The primality of X gives x 1 ≤ x 2 or x 2 ≤ x 1 and consequently either q(x 1 ) ≤ q(x 2 ) or q(x 2 ) ≤ q(x 1 ). Therefore, ↓ z is totally quasi-ordered.
• (Y, ≤) is causal.
Let y 1 , y 2 ∈ Y . If y 1 ↑ ∩ ↓ y 2 is empty then it is finite. Otherwise, there exists z an element of this intersection which allows one to claim that y 1 ≤ y 2 . We denote by x 1 (resp. x 2 ) an antecedent of y 1 (resp. y 2 ). By Proposition 2.1, it follows that x 1 ≤ x 2 . Now, we show that q(x 1 ↑ ∩ ↓ x 2 ) = y 1 ↑ ∩ ↓ y 2 . In fact, the continuity of q gives the first inclusion. Conversely, since x 1 ↑ ∩ ↓ x 2 is a locally closed subset of X and q is a quasihomeomorphism then there exists a locally closed subset L of Y satisfying x 1 ↑ ∩ ↓ x 2 = q −1 (L). Now, by the surjectivity of q,
Finally, remark that x 1 ↑ ∩ ↓ x 2 is finite which implies that y 1 ↑ ∩ ↓ y 2 is finite.
• Every non minimal point y of Y has a singleton interval [y, y].
Let y ∈ Y \ M in(Y ), using Proposition 2.4.(2), there exists x ∈ X \ M in(X) such that y = q(x).
By the primality of X, we get q(↓ x ∩ x ↑) = q({x}). Therefore, ↓ y ∩ y ↑= {y}. Now, in this context, some observations are presented by the following examples.
Examples 3.3.
(1) The following example shows that the surjectivity of q in Theorem 3.2 is necessary. Indeed, let α, β be two distinct points and set X = {α, β} equipped with the indiscrete topology.
On the other hand, let Y be an infinite set equipped with the indiscrete topology and define q : X → Y by q(α) = q(β) = y with y an arbitrary element of Y .
We can easily see that X is a primal space and q is a non onto quasihomeomorphism.
However, Y is a principal space which is not primal since it is not causal ([x, x] = Y infinite for every x ∈ Y ). (2) The converse of Theorem 3.2 does not hold. To see this, consider X = {α, β} and Y = {0, 1, 2} both equipped with the indiscrete topology. Now, let q : X −→ Y defined by q(α) = q(β) = a. Therefore, q is a quasihomeomorphism which is not onto despite of the primality of X and Y . (3) Let X be the set {0, 1, 2} and Y the set {a, b} with a = b, both equipped with the indiscrete topology τ . Set f from X to itself by f (0) = 1, f (1) = 0 and f (2) = 0. Clearly the map q from X to Y , defined by q(0) = a and q(1) = q(2) = b, is an onto quasihomeomorphism. Now, there is a unique map g from Y to itself that satisfies (Y, τ ) = (Y, P(f )); it is defined by g(a) = b and g(b) = a.
We can see easily that g•q = q•f and consequently q is not a morphism of flows from (X, f ) to (Y, g). (4) Let (X, f ) as in (3) and q : X −→ X the identity map. Clearly, there is exactly two maps g 1 and g 2 from X to itself such that (X, τ ) = (X, P(g i )), i ∈ {1, 2}. If we choose g = g 1 , we have q is a morphism of flows from (X, f ) to (X, g) but not if we choose g = g 2 .
Before giving an interesting consequence of the previous Theorem, we recall the T 0 −reflection of a topological space.
Given a topological space X, we define the equivalence relation on X by x ∼ y if and only if {x} = {y}.
The resulting quotient space X/ ∼ is a T 0 −space called the T 0 −reflection of X and the following properties hold:
• The canonical onto map µ X : X −→ T 0 (X) is a quasihomeomorphism ( [8] ).
• X is a principal space if and only if T 0 (X) is also. One may see by example 3.3.(4) that we have to impose additional conditions in order to render the quasihomeomorphism cited in Theorem 3.2 a morphism of flows from (X, f ) to (Y, g).
Thus, we provide the following proposition.
Proposition 3.5. Let (X, f ) (resp., (Y, g)) be a flow in Set.We equip (X, f ) (resp., (Y, g)) with the topology P(f ) (resp., P(g)) and let q :
Proof. According to Proposition 2.5, we have q is onto. Let x ∈ X and we show that goq(x) = qof (x). We denote y = q(x). The surjectivity of q allows us to denote x ′ an antecedent of g(y) with
We have:
. On the other hand, since x is minimal we have also x ≤ f (x). So x ′ ≤ f (x) which gives q(x ′ ) ≤ q(f (x)) (2). Now, we have from (1) and (2) {q(
We start with studying the problem when
Therefore, we give attention now to the case when
Which means that {x} = {x} and thus
Now, it follows from ( * ) and ( * * ) that {q(f (x))} = {g(y)}. Since Y is T 0 then g(q(x)) = g(y) = q(f (x)). Which completes the proof.
We state a useful remark.
Remark 3.6. The condition "Y is a T 0 −space" in Proposition 3.5 is a sufficient condition but not a necessary condition. To see this, consider the example 3.3.(4).
Primal spaces and one-to-one quasihomeomorphisms
In this section, our interest is directed towards the characterization of quasihomeomorphisms q : X → Y that render X primal when Y is.
Thus, we present the following result.
Theorem 4.1. Let (X, τ ) be a principal space, (Y, P (g)) a primal space and
If q is one-to-one, then X is primal.
Proof. Let ≤ be the specialization quasi-order on X.
• (X, ≤) is a quasi-forest. Let x ∈ X and
. Using Proposition 2.1, this leads to
Since q is one-to-one then the cardinal of [x 1 , x 2 ] is equal to the cardinal of its image by q. Using Proposition 2.1, we have
is finite and so [x 1 , x 2 ] is also.
] which leads to q(z) = q(x). Yet, q is one-to-one. So, z = x. Thus, [x, x] = {x}. Using Theorem 3.1, we conclude that X is a primal space. Now, we give some straightforward remarks. (1) The injectivity of the quasihomeomorphism q cited in Theorem 4.1 is necessary to conclude that X is primal. To see this, consider X = N, Y = {α, β} both equipped with the indiscrete topology and q : X → Y such that q(0) = α and q(N * ) = {β}. Next, we will localize our interest to the consequences of the previous Theorem.
Recall that a set F of a topological space X is said to be irreducible if for each open sets U and V of X such that F ∩ U = ∅ and F ∩ V = ∅, we have c AGT, UPV, 2015 F ∩ U ∩ V = ∅ (equivalently, if C 1 and C 2 are two closed sets of X such that
A topological space X is called sober if each nonempty irreducible closed set F of X has a unique generic point(i.e there exists a unique x ∈ X such that F = {x}).
Let S(X) be the set of all nonempty irreducible closed sets of X. Let U be an open set of X; set U = {C ∈ S(X) : U ∩ C = ∅}. Then, the collection { U : U is an open set of X} provides a topology on S(X) and the following properties hold:
• The map θ X : X → S(X) which carries x ∈ X to θ X (x) = {x} is a quasihomeomorphism.
• S(X) is a sober space.
• Let f : X −→ Y be a continuous map. Let S(f ) : S(X) −→ S(Y ) be the map defined by S(f )(C) = C, for each irreducible closed subset C of X. Then S(f ) is continuous.
• The topological space S(X) is called the sobrification of X, and the assignment S(X) defines a functor from the category of topological spaces to itself.
• Let f : X −→ Y be a continuous map. Then, the diagram
is commutative. In [2] , the author has proved that S(f ) is a homeomorphism if and only if f is a quasihomeomorphism. Now, since µ X : X −→ T 0 (X) is a quasihomeomorphism then S(µ X ) is a homeomorphism and consequently S(T 0 (X)) is homeomorphic to S(X). This result allows one to present the following corollary. Proof. This follows immediately from Theorem 4.1 using the one-to-one quasihomeomorphism θ T0(X) : T 0 (X) → S(T 0 (X)), x → {x} and considering that S(T 0 (X)) is homeomorphic to S(X). Now, Proposition 3.5 motivates the following question: Suppose that q : (X, P(f )) −→ (Y, P(g)) is a quasihomeomorphism between two primal spaces. Does the condition "X is a T 0 −space" allows one to claim that q is morphism of flows from (X, f ) to (Y, g) ?
The following example gives the answer.
Example 4.4. Let X = {α, β} with α = β and Y = {0, 1, 2, 3}. Set f (resp., g) from X (resp., Y ) to itself by f (α) = β and f (β) = β (resp., g(0) = 1, g(1) = 2, g(2) = 3 and g(3) = 1). The quasihomeomorphism defined by q(α) = 0 and c AGT, UPV, 2015 q(β) = 2 is not a morphism of flows from (X, f ) to (Y, g). Although X is a T 0 − space.
